In addition to dealing with higher order elliptic operators and general boundary conditions we also drop the requirement that our region be relatively compact and instead make the weaker requirement that the differential operator in H 2m {Ω) with local boundary conditions yields an operator with closed range. We work here in L 2 only and consider operators defined in H 2m (Ω), in the graph topology associated with the so called maximal operator and in a family of spaces interpolated between these two. Most of our results can be obtained, at least for relatively compact regions, in L p with 1 < p < oo at the expense of a somewhat more complicated treatment. A particular complication arises from the fact that different interpolation methods which yield the same spaces in L 2 do not in general in L p , p Φ 2.
The paper is divided into eight sections the first five of which are of a preliminary nature and contain results many of which are variants of well known results.
While in the process of writing this paper we were able to see the thesis of R. W. Beals which he kindly sent to us. The two papers are concerned with similar problems but the results cannot be ordered by inclusion. If i? and F are two topological vector spaces over C the complex numbers we will use the notation E a F to mean that E is a subspace of F and that the topology of E is finer than that induced on E by F. J*f(E, F) will denote the (algebraic) space of continuous linear maps from E to F. As is usual Jk?(E, C) will be denoted by E'.
Using the notation of L. Schwartz [27] we let 3ί(Ω) be the space of infinitely differentiable functions having compact support in Ω and if £&(Ω) is equipped with its usual locally convex topology its dual space, the space of distributions on Ω is denoted by 3ί f (β). In general if J^~(Ω) i s a space of functions on Ω then ^(R n ) is simply denoted by j^. &(Ω) is the space of restrictions to Ω of functions in &. Sf will denote the space of rapidly decreasing functions on R
n . An element in its dual is called a tempered distribution assuming that S? has its usual locally convex topology.
For ue 3ί (Ω) and me N we let Let Ω be an open set in R n whose boundary Γ is an infinitely differentiable, orientable manifold. Ω is not assumed to be relatively compact but is assumed to be uniformly regular in the sense of Browder [5, 6] A detailed proof of (ii) appears in Browder [6] and a detailed proof of the first statement of (iii) appears in Beals [41 and for Ω relatively compact in Lions [13] .
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For u e £2ίφ) we define two more norms [20] and in Calderon [7] . We outline briefly the first two mentioned methods here for the convenience of the reader. We summarize below some facts all of which except possibly the last are well known. We do not know whether the last statement appears elsewhere in the literature. Its proof is quite straight forward and we do not include it here. Since T is also self adjoint, if 0 < s < 1, the powers T s of T can be defined with the aid of the spectral measure of T (or of T 2 ). They are also positive-definite and self-adjoint. We make the DEFINITION 
is a continuous map of £&φ) with the topology induced by H k+1 (Ω) into H°(Γ) and thus has a continuous extension to H k+1 (Ω).
If e > 0 there exists a C(e) > 0 such that for ueH k+1 
This is proved using a partition of unity just as in the usual proof for compact regions. A detailed proof appears in the thesis of (ii) A is properly elliptic if and only if for each xe Γ denoting by v x the inner directed unit normal to Γ at x and τ x a unit tangent vector to Γ at ίc the polynomial in λ A 0 (x, τ z + λyj has precisely m roots with positive imaginary part and m roots with negative imaginary part. It is known that when n > 2 every elliptic operator is properly elliptic.
(Γ). If B is a Dirichlet set, the kernel of B is H Q S (Ω).

4* Closable elliptic operators. Let
We now introduce a condition on boundary operators associated with A which has almost as many names as there are authors who have introduced it. It has been called the complementing condition by Agmon, Douglis and Nirenberg [1] , regularity condition by Browder [5] , and the boundary operators are said to cover A by Schechter [23] . . This result appears for example in Agmon, Douglis and Nirenberg [1] . COROLLARY 
(Ω) (V B^( Ω)) is a closed operator in U(Ω).
// Ω is relatively compact then the kernel of A B (A Bf ) is finite dimensional, the range is closed and has finite co-dimension.
Proof. This follows by Rellich's lemma, i.e., the cannonical injec- DEFINITION 
For 0 ^ s ^ 2m, let £ §r A (Ω) be the spaces interpolated between &\(Ω) and ^T(Ω).
Thus if the Dirichlet operator is an isomorphism, Theorem 5.2 says that £2? A (Ω) can be identified with £& A (Ω) for 0 ^ s ^ m so long as s -(1/2) is not an integer. Observe that 3P A (Ω) c Sf A (Ω) always the injection being continuous. We shall identify the spaces £ §r A (Ω)
in what follows. THEOREM 
// (j?, C) is a Dirichlet set of order 2m, the map (J5, C) is a continuous linear map of 3 S
Proof. For s = 2m this is just Theorem 3.9 and for s = 0 it is proved in Lions-Magenes [16] . For 0 < s < 2m, use interpolation. THEOREM 8 . THEOREM 
For ue&r A (Ω) and ve^2™~s(Ω),
m-1 (Au, v) -(u, A'v) -v {<Cj u,
Let V and H be Hilbert spaces with V c H. Let TG J5f(V, H) and assume T is a closed linear operator in H. Let N denote the kernel of T and Nv = {ue V: (u, v) π = 0 for v e N}. Then the range of T is closed in H if and only if there exists a constant C > 0 such that for ueN£, \\u\\ v ^ C|| Tu\\ H .
Proof. Open mapping theorem.
THEOREM (Kato [11]) 5.12. Let T be a closed densely defined linear operator mapping a Banach space E into a Banach space F, T" the adjoint of T. Then the range of T is closed in F if and only if the range of T r is closed in E''.
ASSUMPTION 5.13. In the remainder of this section we assume that the operator A B (and thus also A' B ,) has closed range in H\Ω). Proof. If such a u exists then by Green's formula the condition is clearly verified. By letting Γ be zero in the orthogonal complement of the image of (A, B) in the respective spaces we see that Te£f(H°(Ω)
x ΠyS) 1 ίί s~mi~(1/2) (Γ), £2r* A (Ω)) for s = 0, 2m and thus by interpolation for 0 < s < 2m, using a result of Lions [14] . (ii) (5.4) implies that the image of (A, B) is closed whereas the set of (/, φ) satisfying (5.5) is clearly closed and contains the image of (A, B) . If the sets were not the same there would exist an (ii) Each result in this section has a corresponding analog if A is replaced by A' and B is replaced by B'. In view of the inequality 4.1 it is easy to impose a norm condition on L in order that A with domain FjU L (i2) be closed. where L e
We will extend the method used in Bade and Freeman [3] to higher order equations. In the remainder of this section we assume that the operator A B has closed range. THEOREM 
Suppose L e £f(H*(Ω), £έf 8 ).
Then for 0 ^ s g 2m 
